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Quantum spaces, central extensions of Lie groups
and related quantum field theories1
Timothe´ Poulain, Jean-Christophe Wallet
Laboratoire de Physique The´orique, Baˆt. 210, CNRS and Universite´ Paris-Sud 11, 91405
Orsay Cedex, France
E-mail: timothe.poulain@th.u-psud.fr, jean-christophe.wallet@th.u-psud.fr
Abstract. Quantum spaces with su(2) noncommutativity can be modelled by using a family
of SO(3)-equivariant differential ∗-representations. The quantization maps are determined
from the combination of the Wigner theorem for SU(2) with the polar decomposition of the
quantized plane waves. A tracial star-product, equivalent to the Kontsevich product for the
Poisson manifold dual to su(2) is obtained from a subfamily of differential ∗-representations.
Noncommutative (scalar) field theories free from UV/IR mixing and whose commutative limit
coincides with the usual φ4 theory on R3 are presented. A generalization of the construction
to semi-simple possibly non simply connected Lie groups based on their central extensions by
suitable abelian Lie groups is discussed.
1. Introduction
In the recent years, deformations of R3 for which the algebra of coordinates forms a su(2) Lie al-
gebra have received some interest. This was in particular related to developments in 3-d gravity,
viewing R3 as the dual algebra of the relativity group (see e.g [1–3] and references therein), and
to constructions of analytic formulas for the star-products (for a recent review on star-products
and their applications, see e.g [4]) defining these deformations as well as investigations of their
structural properties [5–8] (see also [9–11]). Field theories built on these noncommutative (quan-
tum) spaces have been shown to have a perturbative quantum behaviour different from the one
of field theories built on Moyal spaces, at least regarding renormalizability as well as UV/IR
mixing [12–16]. For earlier works on noncommutative field theories (NCFT) on Moyal spaces,
see e.g [17–24] and references therein.
The purpose of this paper is to select salient features developed in our recent works [25,26] on
quantum spaces with su(2) noncommutativity, hereafter denoted generically by R3θ (see below).
It appears that these latter can be modelled conveniently by exploiting a family of SO(3)-
equivariant differential ∗-representations as we will show in a while. It turns out that the use
of differential representations [7, 27, 28] may prove useful in the construction of star-products
whenever the noncommutativity is of a Lie algebra type as it is the case here. Consistency of
the construction definitely requires that one works with ∗-representations. Note that a similar
1 Based on a talk presented by Poulain T at the XXVth International Conference on Integrable Systems and
Quantum symmetries (ISQS-25), Prague, June 6-10 2017.
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construction can also be applied to the kappa-Minkowski spaces which are related to (the uni-
versal enveloping algebra of) a solvable Lie algebra. For constructions of star-products within
kappa-Minkowski spaces, see e.g [29,30].
The characterization of the related quantization maps defining the quantum spaces R3θ can
be achieved from a natural combination of the polar decomposition of the quantized plane waves
with the Wigner theorem for SU(2). Recall that the quantized plane waves are defined by the
action of the quantization map on the usual plane waves. From this follows the characterization
of the star-products. The use of star-product formulation of NCFT is convenient for fast
construction of functional actions. However, it may lead to difficulties whenever the star-product
is represented by a complicated formula and/or is not closed for a trace functional. In this
respect, we then construct a tracial star-product with respect to the usual Lebesgue measure on
R3, equivalent to the Kontsevich product [31] for the Poisson manifold dual to su(2), thanks to
a suitable use of the Harish-Chandra map [32–34]. We then present noncommutative (scalar)
field theories which are free from UV/IR mixing and whose commutative limit is the usual φ4
theory on R3. We discuss the generalization of the construction to semi-simple, possibly non
simply connected, Lie groups based on their central extensions by suitable abelian Lie groups.
Considering central extensions of Lie groups is the natural framework to deal with this problem,
while the classification of the extensions needs to consider different types of cohomology including
suitable group cohomologies. For some details on various relevant cohomologies in physics, see
e.g [35–40].
Notations: We will denote generically the involutions by the symbol †. The actual nature
of each involution should be clear from the context. S(R3) and M(R3) are respectively the
algebra of Schwartz functions on R3 and its multiplier algebra. 〈·, ·〉 is the hermitian product,
i.e, 〈f, g〉 := ∫ d3x f¯(x)g(x) for any f, g ∈ M(R3) (f¯(x) is the complex conjugate of f(x)).
f˜(p) =
∫
d3xf(x)e−ipx is the Fourier transform of f . L(M(R3)) denotes the set of linear opera-
tors acting on M(R3).
We will deal with a family of deformations of R3, indexed by 3 functional f, g, ` depending on
the Laplacian of R3, ∆, and a positive real parameter θ (the so-called deformation parameter),
i.e R3θ,f,g,` := (F(R3), ?θ,f,g,`) (with F(R3) a suitable linear space of functions to be characterized
below) where ?θ,f,g,` is the deformed product. To simplify the notations, any element of this
family will be denoted by R3θ = (F(R3), ?), the actual nature of the objects indexing the family
should be clear from the context.
2. su(2)-noncommutativity and differential ∗-representations
It is convenient to represent the abstract ∗-algebra A[Xˆµ] generated by the self-adjoint coordinate
operators Xˆµ fulfilling [Xˆµ, Xˆν ] = i2θε
ρ
µν Xˆρ (µ, ν, ρ = 1, 2, 3) by making use of the poly-
differential ∗-representation pi : A[Xˆµ]→ L(M(R3)),
pi : Xˆµ 7→ pi(Xˆµ) =: xˆµ(x, ∂) = xνϕνµ(∂) + χµ(∂), (2.1)
where the functionals ϕνµ(∂) and χµ(∂) are viewed as formal expansions in the usual derivatives
of R3, ∂µ, µ = 1, 2, 3.
Since by assumption pi is a morphism of ∗-algebra, one has [xˆµ, xˆν ] = i2θε
ρ
µν xˆρ together with
〈f, xˆµg〉 = 〈xˆµf, g〉 for any f, g ∈ M(R3), stemming from the self-adjointness of xˆµ so that
xˆ†µ = xˆµ. By combining these two latter conditions with (2.1) and using [xλ, h(x, ∂)] = − ∂h∂(∂λ) ,
which holds true for any functional h of xµ and ∂µ, together with ∂
†
µ = −∂µ, h†(∂) = h¯(−∂),
a standard computation gives rise to the following functional differential equations constraining
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ϕνµ and χµ:
i2θϕαρ = ε
µν
ρ
∂ϕαµ
∂(∂β)
ϕβν , (2.2)
ϕ†αρ = ϕαρ (2.3)
i2θχρ = ε
µν
ρ
∂χµ
∂(∂α)
ϕαν , (2.4)
∂ϕ†αρ
∂(∂α)
= χρ − χ†ρ, (2.5)
where use has been made of the algebraic relation δµγδ
σ
ν − δ σµ δνγ = ε ρµν ε σργ .
In view of R3θ ( U(su(2)) ∼= A[Xˆµ]/[Xˆµ, Xˆν ], see e.g [16, 25], where U(su(2)) is the universal
enveloping algebra of su(2), there is a natural action of SU(2)/Z2 ' SO(3) on any R3θ.
This selects SO(3)-equivariant ∗-representations among those defined by (2.2)-(2.5). A mere
application of the Schur-Weyl decomposition theorem shows that the SO(3)-equivariance of the
representation can be achieved whenever the functional ϕνµ and χµ have the following form:
ϕαµ(∂) = f(∆)δαµ + g(∆)∂α∂µ + ih(∆)ε
ρ
αµ ∂ρ, (2.6)
χµ(∂) = `(∆)∂µ , (2.7)
where the real f(∆), g(∆), h(∆) and complex `(∆) SO(3)-invariant functionals are constrained
by (2.2)-(2.5).
By solving the constraints, one easily finds that the admissible solutions (i.e those xˆµ admitting
an expansion of the form xˆµ = xµ +O(θ)) are such that h = θ and form a family indexed by 3
functional f , g and ` defined by
xˆµ = x
α
[
f(∆)δαµ + g(∆)∂α∂µ + iθε
ρ
αµ ∂ρ
]
+ `(∆)∂µ, (2.8)
2
[
(f + g∆)′ + g
]
= `+ `† , (2.9)
2(f + g∆)f ′ = gf + θ2. (2.10)
An interesting subfamily of poly-differential ∗-representations arises whenever f + g∆ = 1, so
that, setting g(∆) := θ
2
3 G(2θ
2∆), (2.9), (2.10) reduce to
l + l† = 2g(∆) , (2.11)
0 = 2t
dG
dt
+ 3 (G(t) + 1)− t
6
G2(t), , (2.12)
for which the Ricatti equation (2.12) is solved by G(t) = −6∑∞n=1 2nB2n(2n)! tn−1 where Bn are
Bernoulli numbers. The resulting subfamily2 takes the form
xˆµ = x
α
[
(1− g(∆)∆)δαµ + g(∆)∂α∂µ + iθε ραµ ∂ρ
]
+ g(∆)∂µ. (2.13)
We will derive, Section 5, a tracial star-product from this subfamily equivalent to the Kontsevich
product for the Poisson manifold dual to the Lie algebra su(2).
2 Notice that consistency with (3.8) below will require ` to be real.
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3. Quantization maps, deformations of R3 and extensions
Let Q denotes the quantization map, i.e an invertible, linear, ∗-algebra morphism
Q : (M(R3), ?)→ (L(M(R3)), ·), (3.1)
where “·” is the product between differential operators omitted from now on, such that for any
f, g ∈M(R3),
f ? g := Q−1 (Q(f)Q(g)), Q(1) = I, Q(f¯) = (Q(f))† , (3.2)
Q(f)B 1 = f(x) , (3.3)
so that Q−1 (Q(f)) = Q(f) B 1, where “B” is the left action of operators. Therefore the star-
product can be expressed as
(f ? g)(x) =
∫
d3p
(2pi)3
d3q
(2pi)3
f˜(p)g˜(q)Q−1 (Ep(xˆ)Eq(xˆ)) , (3.4)
for any f, g ∈M(R3), where the quantized plane waves Ep(xˆ) are defined by
Ep(xˆ) := Q(e
ipx). (3.5)
The quantized plane waves (3.5) define a map E : SU(2)→ L(M(R3)),
E : g 7→ E(g) := Ep(xˆ), (3.6)
E(g†) = E†(g) , (3.7)
for any g ∈ SU(2). Using polar decomposition, one can write
E(g) = U(g)|E(g)| , (3.8)
where |E(g)| :=
√
E†(g)E(g) 6= 0 and the unitary operator U : SU(2) → L(M(R3)) can be
expressed as
U(g) = eiξ
µ
g xˆµ , (3.9)
in view of the Stone’s theorem, where ξµg ∈ R. Then, the Baker-Campbell-Hausdorff formula for
su(2) gives
eiξg1 xˆeiξg2 xˆ = eiB(ξg1 ,ξg2 )xˆ , (3.10)
where the infinite expansion B(ξg1 , ξg2) fulfils
B(ξg1 , ξg2) = −B(−ξg2 ,−ξg1), B(ξg, 0) = ξg . (3.11)
Observe that U(g) and E(g) define representations of SU(2). Then, one has for any g1, g2 ∈
SU(2)
U(g1)U(g2) = U(g1g2) , (3.12)
which holds true (up to unitary equivalence) as a mere application of the Wigner theorem for
SU(2), while we demand
E(g1)E(g2) = Ω(g1, g2)E(g1g2) (3.13)
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where Ω(g1, g2) is to be determined. Combining E(g
†g) = E(I) = I with Eqn. (3.13), one
obtains E(g†)E(g) = Ω(g†, g)I, for any g ∈ SU(2). Therefore |E(g)| =
√
Ω(g†, g)I, so that
ωg :=
√
Ω(g†, g) ∈ R, ωg > 0, (3.14)
together with
[|E(g)|, U(g)] = 0. (3.15)
Using (3.15) and (3.8), one get
E(g1)E(g2) = |E(g1)||E(g2)|U(g1g2) = |E(g1)||E(g2)||E(g1g2)|−1E(g1g2) , (3.16)
where the 2nd equality stems from (3.12), which combined with the expression for |E(g)| yields
E(g1)E(g2) = (ωg1ωg2ω
−1
g1g2)E(g1g2) , (3.17)
where
E(g1g2) = ωg1g2e
iB(ξg1 ,ξg2 )xˆ. (3.18)
Note that (3.17) insures the associativity of the star-product (3.4), since the 2-cocycle
Ω(g1, g2) := ωg1ωg2ω
−1
g1g2 obeys Ω(g1, g2)Ω(g1g2, g3) = Ω(g1, g2g3)Ω(g2, g3), for any g1, g2, g3 ∈
SU(2). From eqn. (3.12), one infers that any unitary equivalent representations, U and U ′
correspond to unitary equivalent products. Indeed, one has U ′(g) = eiγ(g)U(g) = eiγ(g)eiξgxˆ,
where γ is a real function, which implies the following equivalence relation T (f ?′ g) = Tf ? Tg
where T is defined by E′k(xˆ) ≡ Q′(eikx) := Q ◦ T (eikx) = eiγ(k)Q(eikx) = eiγ(k)Ek(xˆ). Informally
speaking, the star-product which will be determined in a while is essentially unique up to unitary
equivalence.
This result can be understood [26] within the more general framework of central extensions
of Lie groups which in addition offers a convenient way for generalizations of the present work.
In the following A is a 1-d abelian Lie group which we will assumed to be A = R/D where D
is a discrete group of R, i.e D = pZ. Let G be a connected Lie group with Lie algebra g whose
action on A, ρ : G×A → A, is assumed to be trivial (ρ(g, a) = a, for any g ∈ G, a ∈ A). E is a
central extension of G if A is isomorphic to a subgroup of the center of G, Z(G) and G ' E/A as
group isomorphism. Recall that inequivalent central extensions of groups encoded by the short
exact sequence I → A → E pi→ G → I (where pi is the canonical projection, with in addition
Im(A) ⊂ Z(E)), are classified by H2(G,A), the 2nd cohomology group of G with values in A.
Actually, up to additional technical requirements, E defines a principal fiber bundle over G with
1-form connection and structure group A. For simply connected Lie groups G, one has
H2(G,R/D) ' H2alg(g,R), (3.19)
see e.g [39,40], where H2alg(g,R) is the 2nd group of (real) cohomology of the Lie algebra g.
When G is in addition semi simple, which is for instance the case for SU(2), one has H2alg(g,R) =
{0} so that H2(G,R/D) is trivial. When D = Z, one has R/D = U(1), hence the triviality
of H2(SU(2), U(1)) which explains the uniqueness of the above star-products up to unitary
equivalence. The above conclusion extends to the central extension of any semi-simple and
simply connected Lie group by R/D so that the extension of the present construction to spaces
with noncommutativity based on the corresponding Lie algebra should produce uniqueness of
the star-product (up to equivalence).
When G is semi-simple but not necessarily simply connected, its inequivalent central extensions
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by R/D are classified (up to additional technical requirements) by H1
Cˇ
(G,R/D), where H •ˇ
C
denotes the Cˇech cohomology. The following isomorphism holds true
H1
Cˆ
(G,R/D) ' Hom(pi1(G)→ R/D). (3.20)
Now assume G = SL(2,R) and D = Z so that R/D ' U(1). The use of Iwazawa decompo-
sition yields SL(2,R) ' R2 × S1, which combined with pi1(X × Y ) = pi1(X) × pi1(Y ) for any
topological spaces X and Y implies pi1(SL(2,R)) ' Z. Hence, Hom(Z → U(1)) ' U(1) which
classifies the inequivalent extensions of SL(2,R) by U(1). Accordingly, one expect that the ex-
tension of the present construction of SL(2,R) gives rise to inequivalent classes of star-products.
4. Quantized plane waves for R3θ
The determination of (3.6) which takes the generic form
Ep(xˆ) = ω(p)e
iξ(p)xˆ, (4.1)
can be achieved through a standard albeit tedious computation whose main steps are summarized
now.
First, using eiξ(p)xˆ B 1 = eipxω(p) , one easily infers that
e−iξ(λp)xˆ∂µeiξ(λp)xˆ = (iλpµ)I, (4.2)
which holds for any λ ∈ R. Then, the combination of [∂µ, xˆν ] = [∂µ, xaϕaν ] = ϕµν with the
functional derivative of (4.2) with respect to λ yields
ϕµν(iλp)
d
dλ
[ξν(λp)] = pµ. (4.3)
From SO(3)-covariance requirement, it can be shown [26] that this latter functional differential
equation is solved by
ξµ(p) =
∫ 1
0
dλ(ϕ−1)µν|iλppν , (4.4)
(ϕ−1)µν(ip) =
1
f2 + θ2p2
(
fδµν + 2f ′pµpν + θεµνρpρ
)
, (4.5)
where f and f ′, (2.8)-(2.10), depend on (−p2). ξµ can be verified to be an injective antisymmetric
real-valued function. Finally, Eqn. (4.4) can be recast as a Volterra integral given by
ξµ(p) =
∫ 0
−p2
dt
2|p|√−t
f(t)− 2tf ′(t)
f2(t)− θ2t p
µ. (4.6)
It can be verified that (4.6) simplifies to ξµ = pµ when use is made of the subfamily of ∗-
representations (2.13).
To determine ω(p), one observes that
d
dλ
[
eiξ(λp)xˆ
]
= i(ϕ−1)µν|iλppν xˆµe
iξ(λp)xˆ , (4.7)
where (4.4) has been used, implying
d
dλ
[
eiξ(λp)xˆ
]
B 1 = i
(
xν + χµ(ϕ
−1)µν|iλp
)
pν
eiλpx
ω(λp)
. (4.8)
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Besides, the following relation holds true
d
dλ
[
eiλpx
ω(λp)
]
=
(
ixνpν − 1
ω(λp)
d
dλ
[ω(λp)]
)
eiλpx
ω(λp)
. (4.9)
Now, one can verify that ddλ
[
Aˆf(x)
]
= dAˆdλ f(x) where Aˆ and f are any operator and function
suitably chosen for the latter expression to be well defined. Hence
d
dλ
[
eiξ(λp)xˆ B 1
]
=
d
dλ
[
eiξ(λp)xˆ
]
B 1, (4.10)
i
(
xν + χµ(ϕ
−1)µν|iλp
)
pν = ix
νpν − 1
ω(λp)
d
dλ
[ω(λp)] , (4.11)
implying
1
ω(λp)
d
dλ
[ω(λp)] = −iχµ(ϕ−1)µν|iλppν , (4.12)
which is solved by [26] ω(p) = e
−i ∫ 10 dλ χµ(iλp)(ϕ−1)µν|iλppν . This latter expression can be recast as
a Volterra integral given by
ω(p) = e
∫ 0
−p2 dt
f(t)−2tf ′(t)
f2(t)−θ2t `(t). (4.13)
Consistency with (3.14) requires ω(p) to be a positive real quantity therefore constraining ` to
be a real functional, `† = `. It follows that (2.9) reduces to ` = (f + g∆)′ + g, which thus
constraints ` once f and g fulfilling (2.10) are obtained.
To summarize the above analysis, given a ∗-representation belonging to the family (2.8)-
(2.10), eqns. (4.6) and (4.13) fully characterize the corresponding quantization map Q (3.1),
(3.3) together with its star-product (3.4). Two remarks are in order:
i) One can show [26] that for the family of poly-differential ∗-representations considered in this
note, Q cannot be the Weyl quantization map W related to the symmetric ordering for operators.
In fact, the only poly-differential representation compatible with the Weyl quantization is defined
by xˆµ = x
α ((1− g∆)δαµ + g∂α∂µ + iθεαµρ∂ρ) (namely with χ = 0), where g has been defined
above, which however is not a ∗-representation.
ii) One can verify that the star-product used in [5] and some ensuing works does not belong
to the general family of star-products related to (2.8). The former star-product, defining a
particular deformation of R3 called R3λ, can be related to the Wick-Voros product [9–11, 41]
stemming from a twist. So far, whether or not the present family of star-products also admits
a representation in terms of a twist is not known.
5. Tracial star-product and related quantum field theories
In this section, we restrict ourselves to the particular subfamily of ∗-representations (2.13). By
combining this latter with eqns. (4.6) and (4.13), one easily finds that the quantized plane waves
are defined by Q(eipx) ≡ Ep(xˆ) =
(
sin(θ|p|)
θ|p|
)2
eipxˆ, from which follows
(f ?Q g)(x) =
∫
d3p
(2pi)3
d3q
(2pi)3
f˜(p)g˜(q)W2(p, q)eiB(p,q)x , (5.1)
for any f, g ∈ M(R3), with W(p, q) := |B(p,q)|θ|p||q| sin(θ|p|) sin(θ|q|)sin(θ|B(p,q)|) where B(p, q) is given by (3.10).
Now, introduce a new quantization map K :M(R3)→ L(M(R3)) through
K := Q ◦H, (5.2)
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where the operator H acting on M(R3) is given by
H :=
θ
√
∆
sinh(θ
√
∆)
, (5.3)
and such that
H(f ?K g) = H(f) ?Q H(g), (5.4)
for any f, g ∈M(R3). One obtains from a standard computation
K(eipx) = sin(θ|p|)
θ|p| e
ipxˆ, (5.5)
from which it is easy to obtain finally
(f ?K g)(x) =
∫
d3p
(2pi)3
d3q
(2pi)3
f˜(p)g˜(q)W(p, q)eiB(p,q)x , (5.6)
for any f, g ∈M(R3), where W(p, q) has been given above.
The star-product ?K (5.6) is nothing but the Kontsevich product [31] related to the Poisson
manifold dual to the finite dimensional Lie algebra su(2). This can be realized [26] by noticing
that (5.5) can be recast into the form K(eipx) = W (j 12 (∆)(eipx)) where W is the Weyl
quantization map, W (eipx) = eipxˆ and
j
1
2 (∆) =
sinh(θ
√
∆)
θ
√
∆
, (5.7)
is the Harish-Chandra map [32–34]. Hence,
K = W ◦ j 12 (∆) , (5.8)
which coincides with the Kontsevich product in the present case, see e.g [8]. Note that (5.3) and
(5.7) imply
j
1
2 (∆) = H−1, (5.9)
so that H (5.3) is the inverse of the Harish-Chandra map. The star-product ?K (5.6) is tracial
with respect to the trace functional which in the present case is simply defined by the Lebesgue
integral on R3. Namely, one has∫
d3x(f ?K g)(x) =
∫
d3xf(x)g(x). (5.10)
This last interesting property can be exploited to built NCFT admitting standard (i.e
commutative) massive real or complex scalar field theories with quartic interaction as formal
commutative limits [7, 25], namely
S1 =
∫
d3x
[1
2
∂µφ ?K ∂µφ+
1
2
m2φ ?K φ+
λ
4!
φ ?K φ ?K φ ?K φ
]
, (5.11)
S2 =
∫
d3x
[
∂µΦ
† ?K ∂µΦ +m2Φ† ?K Φ + λΦ† ?K Φ ?K Φ† ?K Φ
]
. (5.12)
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It turns out that (5.11) and (5.12) do not have (perturbative) UV/IR mixing, as shown
in [25]. Indeed, the relevant contributions to the 2-point function can be written as Γ
(I)
2 =∫
d3x φ(x)φ(x)ωI and Γ
(II)
2 =
∫
d3k1
(2pi)3
d3k1
(2pi)3
φ˜(k1)φ˜(k2)ωII(k1, k2), with
ωI ∼ 4
θ2
∫
d3p
(2pi)3
sin2( θ2 |p|)
p2(p2 +m2)
=
1− e−θm
2mpiθ2
(5.13)
ωII ∼
∫
d3x
d3p
(2pi)3
1
p2 +m2
(eipx ?K eik1x ?K e−ipx ?K eik2x). (5.14)
When θ 6= 0, ωI is obviously finite even for m = 0 while ωII(0, k2) ∼ δ(k2)ωI . Similar expression
holds for ωII(k1, 0) so that no IR singularity occurs within (5.11). This signals the absence
of UV/IR mixing. One can check [25] the UV one-loop finiteness of ωII . Note that similar
conclusions hold true for the complex scalar field case (5.12).
The origin of the absence of UV/IR mixing as well as the present mild (finite) UV behaviour
(which should extend to all orders) is likely due to the Peter-Weyl decomposition3 of the algebra
modeling the noncommutative space, i.e R3θ = ⊕j∈N
2
M2j+1(C), which reflects the relationship
between the algebra and the convolution algebra of SU(2), see [16]. This is particularly apparent
in a class of NCFT [12–14], with however kinetic operators different from the usual Laplacian
used here, for which the theory splits into an infinite tower of (matrix) field theories, each on
a finite geometry with the radius ∼ j of M2j+1(C) serving as a natural cut-off. The use of the
standard Laplacian in (5.11), (5.12) complicates the analysis of the UV behaviour to arbitrary
orders but one can reasonably conjecture that both (5.11) and (5.12) NCFT are (UV) finite to
all orders.
An interesting issue would be to extend the above analysis to the case of noncommutative
gauge theories whose commutative limit would reproduce the usual gauge (Yang-Mills) theory
on R3. Such an extension would presumably exclude the choice of a derivation-based differ-
ential calculus [42–44] since this latter would produce natural Laplacians without (analog of)
radial dependence. Note that one proposal aiming to include radial dependence presented in [11]
amounts to enlarge the initial algebra by incorporating the deformation parameter itself.
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